In this paper, we introduce the notion of JB-semigroup. We prove that every ring determines a JB-semigroup, but the converse need not be true. We also introduce the notions of JB-field and JB-domain, and we prove that every JB-field is a JB-domain and every finite JBdomain is a JB-field. Moreover, we introduce the notion of JB-ideal of JB-semigroup, and we construct quotient JB-semigroup via JB-ideal. Furthermore, we introduce the notion of JB-homomorphism of JBsemigroups, and we provide some of its properties.
Introduction
In 1966, Y. Imai and K. Iseki [3] introduced two classes of abstract algebras: BCK-algebras and BCI-algebras. It is known that the class of BCK-algebras is a proper subclass of the class of BCI-algebras. In 2002, J. Neggers and H.S. Kim [7] introduced the notion of B-algebra. In 2006, K.H. Kim [4] introduced the notion of KS-semigroup. He formulated this new algebra from a BCKalgebra by combining the concept of semigroup, that is, adding an associative 2-ary operation to BCK-algebra. In view of this process, we introduce the notion of JB-semigroup by adding the concept of semigroup to B-algebra. In this paper, we prove that every ring determines a JB-semigroup, but the converse need not be true. Furthermore, we introduce the notions of JBfield and JB-domain, and we prove that every JB-field is a JB-domain and every finite JB-domain is a JB-field. We also introduce the notion of JBideal of JB-semigroup, and we construct quotient JB-semigroup via JB-ideal. Furthermore, we introduce the notion of JB-homomorphism of JB-semigroups, and we provide some of its properties.
JB-semigroups and Rings
Definition 2.1 [7] A B-algebra is an algebra (X; * , 0) of type (2, 0) satisfying the following axioms for all x, y, z ∈ X:
(I) x * x = 0, (II) x * 0 = x, (III) (x * y) * z = x * (z * (0 * y)).
In [7] , a B-algebra (X; * , 0) is called commutative if a * (0 * b) = b * (0 * a) for all a, b ∈ X. A nonempty subset N of a B-algebra (X; * , 0) is called a subalgebra of X if x * y ∈ N for any x, y ∈ N . It is called normal in X if for any x * y, a * b ∈ N implies (x * a) * (y * b) ∈ N . A normal subset of X is a subalgebra of X. Moreover, in [2] , the intersection of any nonempty collection of (normal) subalgebras of X is also a (normal) subalgebra of X. Definition 2.2 A JB-semigroup is a nonempty set X together with two binary operations * and · and a constant 0 satisfying the following:
i. (X; * , 0) is a B-algebra;
ii. (X, ·) is a semigroup; and iii. The operation · is left and right distributive over the operation * . Definition 2.2(i) implies that if (X; * , ·, 0) is a JB-semigroup, then all properties pertaining to the binary operation * with respect to the B-algebra (X; * , 0) also hold for the JB-semigroup (X; * , ·, 0). In particular, the following properties hold in a JB-semigroup: (P1) 0 * (0 * x) = x [7] , (P2) x * y = 0 implies x = y [7] , and (P3) x * y = 0 * (y * x) [8] .
The following are examples of JB-semigroups. Example 2.6 By routine calculations, (Z; * , ·, 0), (Q; * , ·, 0), (R; * , ·, 0), and (C; * , ·, 0) are JB-semigroups, where x * y = x − y and · is the usual multiplication.
Lemma 2.7 Let (X; * , ·, 0) be a JB-semigroup and a, b, c ∈ X. Then the following properties hold:
To discuss the relationship of JB-semigroups and rings, we recall first the relationship of B-algebras and groups. Now, every group determines a Balgebra ( [1] , [7] ), and if the given group is commutative, then the B-algebra is commutative [1] , as shown in the following theorem.
Theorem 2.8 If (X;
•, e) is a group, then (X; * , 0 = e) is a B-algebra, where
This means that every group can be transformed into a B-algebra. It is then a question of interest to determine whether or not all B-algebras can be transformed into groups. The answer is affirmative, proved by M. Kondo and Y.B. Jun [5] , and if the given B-algebra is commutative, then the group is commutative [1] , as shown in the following theorem.
Theorem 2.9 If (X; * , 0) is a B-algebra, then (X; •, e = 0) is a group, where x•y = x * (0 * y). Moreover, if (X; * , 0) is commutative, then (X; •, e = 0) is commutative.
Combining Theorem 2.8 and Theorem 2.9, the class of B-algebras and the class of groups coincide, in some sense. With regards to JB-semigroups and rings, we prove that every ring determines a JB-semigroup. Theorem 2.10 If (X; +, ·, e) is a ring, then (X; * , ·, 0 = e) is a JB-semigroup, where x * y = x − y.
Proof : Let (X; +, ·, e) be a ring. By Theorem 2.8, (X;
Let (X; * , ·, 0) be a JB-semigroup. If we define x + y = x * (0 * y), then (X; +, ·, e = 0) need not be a ring. Consider the JB-semigroup in Example 2.4, (X; +, ·, e = 0) is not a ring since
This means that there exists a JB-semigroup that cannot be transformed into a ring, with respect to the predefined transformation. But if we restrict the B-algebra (X; * , 0) to be commutative, then we get the following theorem. Theorem 2.11 If (X; * , ·, 0) is a JB-semigroup such that (X; * , 0) is commutative, then (X; +, ·, e = 0) is a ring, where x + y = x * (0 * y).
Proof : Let (X; * , ·, 0) be a JB-semigroup such that (X; * , 0) is commutative. By Theorem 2.9, (X; +, e = 0) is a commutative group. Since (X, ·) is a semigroup, · is associative. Let x, y, z ∈ X. Then by Lemma 2.7(ii), we have x·(y +z) = x·(y * (0 * z)) = (x·y) * (x·(0 * z)) = (x·y) * (0 * (x·z)) = x·y +x·z. Similarly, (x + y) · z = x · z + y · z. Therefore, (X; +, ·, e = 0) is a ring.
JB-field and JB-domain
Throughout this section, X means a JB-semigroup (X; * , ·, 0).
Clearly, 0 is an element of a sub JB-semigroup. Moreover, {0} and X are sub JB-semigroups of X. The set S 1 = {0, a} is a sub JB-semigroup of the JB-semigroup in Example 2.3, while the set S 2 = {0, a, b} is not since Definition 3.5 An element y ∈ X is called a unity in X if x · y = x = y · x for all x ∈ X.
The JB-semigroup in Example 2.3 has unity a, while JB-semigroup in Exampe 2.5 has no unity. The unity of a JB-semigroup is unique (if it exists), and is denoted by 1.
In Example 2.3, all elements of X not equal to 0 are 1-invertibles, that is, elements a, b, and c are 1-invertibles.
Lemma 3.7 Let 1 ∈ X. Then the following statements hold:
iii. if a is 1-invertible in X, then 0 * a is 1-invertible in X.
Proof : Let a ∈ X. Then (0 * 1)·a = (0·a) * (1·a) = 0 * a. Similarly, a·(0 * 1) = 0 * a. This proves (i) . By Lemma 2.7(iii), (0 * 1) · (0 * 1) = 1 · 1 = 1. This proves (ii). Suppose a is 1-invertible in X. Then there exists b ∈ X such that a·b = 1 = b·a. 
Definition 3.9 Let 1 ∈ X. Then X is called a JB-field if the semigroup (X, ·) is commutative and every 0 = a ∈ X is 1-invertible.
The JB-semigroup in Example 2.3 is a JB-field. Remark 3.14 Every JB-field is a JB-domain.
The converse of Remark 3.14 need not be true. The JB-semigroup (Z; * , ·, 0) in Example 2.6 is a JB-domain, but not a JB-field. Theorem 3.15 A finite commutative JB-semigroup X with more than one element and without 0-divisors is a JB-field.
Proof : Let a 1 , a 2 , . . . , a n be the distinct elements of X. Let a ∈ X with a = 0. Now, a · a i ∈ X for all i = 1, 2, . . . , n and so {a · a 1 , a · a 2 , . . . , a · a n } ⊆ X. If a · a i = a · a j , then by Theorem 3.12, a i = a j . Thus, the elements a · a 1 , a · a 2 , . . . , a · a n are distinct and so X = {a · a 1 , a · a 2 , . . . , a · a n }. Hence, one of the elements must be equal to a, say, a·a i = a. Since X is commutative, a i ·a = a·a i = a. Let b ∈ X. Then there exists a j ∈ X such that b = a·a j . Thus, b·a i = a i ·b = a i ·(a·a j ) = (a i ·a)·a j = a·a j = b. This implies that a i is the unity of X. We denote the unity of X by 1. Now, 1 ∈ X = {a·a 1 , a·a 2 , . . . , a·a n } and so one of the elements must be equal to 1, say, a · a j = 1. By commutativity, a j ·a = a·a j = 1. Hence, every nonzero element of X is 1-invertible. Therefore, X is a JB-field. ii. a · x, x · a ∈ I for any a ∈ I, x ∈ X. Definition 4.1(i) means that I is a normal subalgebra of the B-algebra (X; * , 0). Obviously, the subsets {0} and X are JB-ideals of X. These JBideals are called trivial JB-ideals. All other JB-ideals are called nontrivial JB-ideals. Consider the JB-semigroup X in Example 2.4, the set I = {0, b} is a JB-ideal of X, while the set J = {0, a} is not since c · a = c / ∈ J.
Remark 4.2 Let I be a JB-ideal of X. Then I is a sub JB-semigroup of X and I is a JB-ideal for every sub JB-semigroup of X containing I. In [2] , if A is a subalgebra of a B-algebra (X; * , 0), then A * A = A. Moreover, if A and B are normal subalgebras of X, then A * B = B * A is a normal subalgebra of X. Proof : i. Let y ∈ A * B and x ∈ X. Then y = a * (0 * b) for some a ∈ A, b ∈ B. Since A and B are JB-ideals, a · x ∈ A and b · x ∈ B. Hence, by Lemma 2.7(ii), we have
Similarly, x · y ∈ A * B. Therefore, A * B = B * A is a JB-ideal of X. iii. By (III), (P1), and (P3), we have x ∈ (A * B) * C ⇔ x = (a * (0 * b)) * (0 * c) ⇔
In [7] , if N is a normal subalgebra of a B-algebra (X; * , 0), then we have a B-algebra (X/N ; * , . Then x * x ∈ I and y * y ∈ I. Since I is a JB-ideal, (x · y) * (x · y ) = x · (y * y ) ∈ I and so x · y ∼ I x · y . Also, (x · y ) * (x · y ) = (x * x ) · y ∈ I and so x · y ∼ I x · y . Thus,
Theorem 4.5 Let I be a JB-ideal of X. Then (X/I; * , ·, [0] I ) is a JBsemigroup, where * and · defined as above. If X is commutative or has a unity, then the same is true of X/I.
The JB-semigroup X/I in Theorem 4.5 is called quotient JB-semigroup of X by I.
Let (X; * , ·, 0 X ) and (Y ; * , ·, 0 Y ) be JB-semigroups. A map ϕ : X → Y is called a JB-homomorphism from X into Y if ϕ(x * y) = ϕ(x) * ϕ(y) and ϕ(x · y) = ϕ(x) · ϕ(y) for any x, y ∈ X. A JB-homomorphism ϕ is called a JB-monomorphism, JB-epimorphism, or JB-isomorphism if ϕ is oneto-one, onto, or a bijection, respectively. A JB-homomorphism ϕ : X → X is called a JB-endomorphism and a JB-isomorphism ϕ : X → X is called a JB-automorphism. Assuming compatibility of functions so that composition is defined, the following corollary easily follows.
Corollary 4.8 The composition of JB-monomorphisms is a JB-monomorphism, the composition of JB-epimorphisms is a JB-epimorphism, the composition of JB-isomorphisms is a JB-isomorphism, and the composition of JB-automorphisms is a JB-automorphism.
Let ϕ : X → Y be a B-homomorphism, that is, ϕ(x * y) = ϕ(x) * ϕ(y). In [2] , if J is a normal subalgebra of Y , then ϕ −1 (J) is a normal subalgebra of X. If I is a normal subalgebra of X and ϕ is onto, then ϕ(I) is a normal subalgebra of Y .
Lemma 4.9 Let ϕ: X → Y be a JB-homomorphism.
